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Waves vs Modes .

» Waves are travelling, don't care about boundaries till they reflect.
They are ‘local’ in nature.

» Modes are aware of boundaries and are ‘global’ in nature.
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Types of waves in planetary fluid dynamics

Type of wave

Restoring force(s)

Acoustic (p-modes) —Vp

Inertial —Vp—2Q X u
Surface/Internal gravity (f-/g-modes)  p'g

Inertia-gravity or gravito-inertial —Vp -2 xu+/pg
Alfvén B-VB
Magnetoacoustic —Vp+B-VB

Magneto-Coriolis (MC)
Magnetic, Archimedean, Coriolis (MAC)

—Vp—-2Qxu+B-VB
—2Qxu+p'g+B-VB
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Internal gravity oscillations _
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Internal gravity oscillations

2+ Az )

2 O

Equation of motion of blob:

d2
ooz = polz + Az)g — pol2)g

_ (po(z) + @Az> g —po(2)g

(1)

dz
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Internal gravity oscillations

bz | p(z)g | p(z+A2)g
z O
d? 9

ﬁAz + N“Az =0 (2)

N = -2 3)

po dz
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Internal gravity oscillations _
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What happens when N2 > 0 and vice versa?
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Internal gravity oscillations

A A )

2 O

p(z + Az)g

What happens when N2 > 0 and vice versa?
e N? >0 : Internal gravity waves
e N? < 0 : Convective instability
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Internal gravity oscillations

N\

z + Az
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What happens when N2 > 0 and vice versa?
e N? >0 : Internal gravity waves
e N2 <0 : Convective instability
N is called the Brunt—Vaisala frequency or buoyancy frequency.
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At an angle? B

4
p(z + Az)g cos Op
p(z)g cosbp o v+ As
0
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At an angle? .

(iQ
poﬁAr = (po(z + Az)g — po(2)g) cos b,
d
~ |(m0)+ Las) g - m2)g| oo, (@
= <@Ar Ccos Hp) cos 0,
z

Frequency of oscillation, w = N cos 0,
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When pressure variations are important -

® In previous example, we assumed the parcel did not change its
density when moving up.
e This is no longer true if there are significant pressure variations

across height.
» Requires a simple change, replace density by potential density py

| g dpg g db
N — B —— —_—
Py dz 0dz (5)
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When pressure variations are imp_

(R/C)
:T(E)
P

9do _ 1dl' R1dP (6)
0d: \?|Tdz: C,Pd-

Thus,
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Schwarzschild criterion _

For convection to occur:

N* <0
S EC AT
Tdx C,Pdz
_PdT_R ()
TdP C,

:>dlnT< dinT
dln P dinP ) ,
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Internal gravity waves _

» Wave involves a coherent oscillation of a domain of parcels/particles
» Need a continuum analysis
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Linearized equations of Boussine—

V.-u=
ou 1 0.
— = —Vp— —2 9
ot Po P Po ©)
WL w0 (10)
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Useful vector relations _

VxVxA=V(V-A)-VA (11)

VxVx(f%):(...):i:+(...)@—(%—kaa—yz)f% (12)

(.)z+(..)y—Vifz
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Linearized equations of Boussinesq approxi_

Taking double curl of equation (9) and only considering the
z-component,

0 92,
Iy = 9 1
A pOVH (13)

Differentiating this wrt time and using equation (10), we get

——VZiw = —N*Viw (14)
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Dispersion relation _

i(kpx+kyy+k,z—wt)

Assuming, w = we , equation (14) becomes,

i

—w’k? = —N%k} = w? = N2ﬁ (15)

where, k* = k2 + k2 + k2 and kj, = k2 + k2. Thus,

w = £N cosf (16)

where, 0 is the angle to the horizontal.
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Particle motion

V.u=0=k-u=0

Thus, particles move perpendicular to the wavevector. This can also be
seen in the definitions of 6, and 0 .
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Phase and Group velocities
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Phase and Group velocities _

wk kh
Cphase = E% = Nﬁk (17)
do . dw, dw,
Cgroup = ka(k) = dkxw =F d—kyy + dkzz
N k2 (18)
= 55 | (e 4 k) — kb2
N

Covse - Cgonp = T (K2R — K2HE) = 0
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Movie B

Movie
Movie 2
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https://youtu.be/q1B4WUMQ8o8
https://youtu.be/BDQD_gM3M24?t=65

Inertial Oscillations
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Inertial Oscillations s

A fluid in solid body rotation is stratified in angular momentum.
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Inertial Oscillations _

A fluid in solid body rotation is stratified in angular momentum.

z
AQ _
< Centrifugal force
Coriolis Force = /2 -6,
Fsin6,
Ar ~
|
! !
| i
r : |
L N
. ——>
s =rsinf, =
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Inertial Oscillations B

Ar + 402 sin? O,Ar =0

Oscillation frequency,

w = £2Qsind,
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Inertial waves B

Taylor-Proudman theorem:

0=—Vpy— 22 x U )
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Inertial waves B

Taylor-Proudman theorem:
0=—-Vpy -2 xU (19)
In the non-steady state

g, 90w (20)
ot Po
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Inertial waves
Taylor-Proudman theorem:

0= -—:§7]?0 -2 x U

In the non-steady state

ou 1
— = ——Vp—2Q2
5 pOVp X U
Taking curl:
0 ou
il — 20—
gpLy Xl =25

(19)

(20)

(21)
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Inertial waves -

Taking curl again,

0 oo
——25—:‘7 u = 22(269

Differentiating wrt times and using equation (21), we get

aVXu
%

0? O*u
at2V2“ + 47— 557 =0 (22)
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Inertial waves —

Consider an ansatz, u, p o< '¥7=“")_ Substituting in the continuity
equation,

u-k=0 (23)
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Inertial waves _

Consider an ansatz, u, p o el*7=“Y) Sybstituting in the continuity

equation,

w k=0 (23)
Substituting in (22), we obtain

k-
W AP =0=w = +20-= = +2Q cos § (24)

What do these physically mean?
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Inertial waves

Consider an ansatz, u, p o el*7=“Y) Sybstituting in the continuity

equation,

w k=0 (23)
Substituting in (22), we obtain

k-
W AP =0=w = +20-= = +2Q cos § (24)

What do these physically mean?
o The velocity perturbations are perpendicular to the wave
propagation direction = transverse waves (like on a string).
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Inertial waves

Consider an ansatz, u, p o el*7=“Y) Sybstituting in the continuity

equation,

u-k=0 (23)
Substituting in (22), we obtain

k-
W AP =0=w = +20-= = +2Q cos § (24)

What do these physically mean?
o The velocity perturbations are perpendicular to the wave
propagation direction = transverse waves (like on a string).
» The frequency of the waves lie between £+2().
» Frequency depends on the angle 6 from rotation axis. o



Inertial waves B

wk), 202k

ase — — 4 v — + k

fehase = ] %]

Exzxk
K|

Caroup = Viw(k) = £2Q
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Inertial waves
k

(9] Direction of wave
propagation

Circular particle path in
co-moving frame
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Inertial waves B

Movie
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https://youtu.be/JCODQVoVHf8

Inertia-gravity waves

What happens when both forces are present?
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Inertia-gravity waves B

V-u=0 (25)
ou 1 o . .
— =—Vp—"—9z—20zxu 26
T )
dp" | dpo
P 27
ot +wdz 0 (27)
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Inertia-gravity waves

Take curl of (26),

0 0 ou
—V — = — 20— 28
ot U= progz—l— 0z (28)
Taking the z-component gives,
ow ow
= =20— 29
ot 0z (29)
Taking the curl of (28) and taking the z-component gives
0 Oow,

——Vw = —v pl+ 290

ot 0z (30)
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Inertia-gravity waves .

Differentiating wrt time and using equations (27) and (29), we get

0% s g dpo 282

—— = —= 40
8t2v b po dz & VYT 022 (31)
0? 0w

2, a2 2
= —25Viw = N*Viw + 407~
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Inertia-gravity wave _

i(kpx+kyy+k,z—wt)

Using the wave solution, w = we , We get:

w?k? = N?k? + 40%k? (32)

Er\ 2 k2
2_ N2 (2R 102 [ 2=
. (k) + (k) (33)
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Inertia-gravity wave _

When gravity and rotation are misaligned,

kn\ k)
w? = N? (?h) + f? (f) = N*cos? 0 + f*sin 0 (34)

where, 6 = angle wrt horizontal.
This limits the range of wto f <w < N.
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Movie B

Movie
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Particle paths _

Note that the continuity equation still gives k - u = 0. Particles go in
elliptical paths perpendicular to the wave propagation direction.
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Phase and group velocities _

Cphase = 777 — —k (35)

dw dw dw
roup — k) = 2
Caroup = Viw(k) dkxaz—l—dkyy—l—dkzz

_f2

wk?

(36)

k2 (ko + k,g) — kK22
Y

. f2 k?2]{52 k2k2 — 0
Cphase * Cgroup — k’ [ % h] -
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