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Waves

Transport energy

No physical movement of matter

Transport of fluctuations of different quantities (e.g.: pressure,
density, velocity, magnetic field, current density etc.)
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The wave equation in 1D
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The wave equation in 1D

Pu 1 0%u

et ——— 1

0xr?2 2 Ot? 0 (1)
Solution:

E=z—ct,np=x+ct

0%u B

ocon

%—OOra—u—O (2)
o on

u(z,t) = f(&) +9(n) = f(z —ct) + g(x + ct)
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What does it mean?
A

flx —ct)

X

c is the speed of propagation, also known as “phase speed”

4/41



Sinusoids

« Any function f can be decomposed into a sum of sinusoidal
functions

- We focus on a sinusoidal wave:

(@, ) = asin {27%: _ ct)] 3)
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Important quantities

Wave[umber
2
u(x,t) = o sin Tﬂ(x — ct)

|

Phase speed

Wavelength
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Important quantities
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Alternative forms

u = asin {?(w — ct)} = asin[k(x — ct)] = asin(kz —wt) (4)

« Period: T = i
c

. 1 c
- Frequency: v = — = —
« Circular or angular frequency: w = 27v = ck

c c= % = phase speed
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In 3D
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In 3D

1 0%u

Vi — =
2 o

=0 (5)

u = asin(k,z + kyy + k.2 — wt) = asin(k - r — wt) ©)

- Wavevector: k = k,x + k,y + k.2

« Position vector: r = xx + yy + 22

2 2
- Wavelength: \ = T T

NCEC

~

+ Phase speed: ¢ = %kz
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In 3D
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Complex form

Using the Euler identity: Ael’ = A(cos + isin@),
In 1D:

U= aei(k:pfwt) (7)

In 3D:

- Easier to treat mathematically

 Only real part contributes to solution
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Types of waves in planetary fluid dynamics

Type of wave

Restoring force(s)

Acoustic (p-modes)

Inertial

Surface/Internal gravity (f-/g-modes)
Inertia-gravity or gravito-inertial

Alfvén

Magnetoacoustic

Magneto-Coriolis (MC)

Magnetic, Archimedean, Coriolis (MAC)

—Vp—2Q xu

r'g

~Vp—-2Q xu-+pg
B-VB
-Vp+B-VB

—Vp—-2Qxu+B-VB
—2Qxu+pg+B-VB
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Surface gravity waves

2 A

S
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Surface gravity waves

Assumptions:
Inviscid fluid

+ Velocity of fluid, w is irrotational.
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Surface gravity waves

Assumptions:
« Inviscid fluid
+ Velocity of fluid, w is irrotational.
Vxu=0=u=Vo¢
o, 0 ©
0T Y 0z
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Surface gravity waves

Assumptions:
« Inviscid fluid
+ Velocity of fluid, w is irrotational.
Vxu=0=u=Vo¢
0¢p 0¢
T T B2

Continuity equation

0x 0z o0xr?2 022

2 2
ou, w90 P _

=0

(10)
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Boundary conditions

_ 99 _

— =_—H 11
0z 0, 2 (11)

Uy
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Boundary conditions

_ 99 _

— =_—H 11
0z 0, 2 (11)

Uy

_ 09

= —L 7 =
Y
0z o

on
E—i—u-Vn—uz(n)
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Boundary conditions

u _9% _
*T 9z
an
£ +u-Vnp=u,

Approximations:

(n) =

0z |,

- u-Vnis ‘small" compared to other terms,

05| _s|
0z |, - 07, e
Thus, (12) can be written as

on
ot

_9¢
9z’

z=0

3¢
32

=0

(11)

(12)

(13)
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Boundary conditions

p=0,z=n (14)

Considering inviscid Navier-Stokes (Euler equation) in z-direction,
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Boundary conditions

Considering inviscid Navier-Stokes (Euler equation) in z-direction,
du. _ Op
Por = 9. Y
0% __Op
== _ 15
~ ot~ 02 (1%)
dp  p

5 o %
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Boundary conditions

At z=mn,p=0, so

o9
[9J0) . .
Bt at z = 7 can be approximated by its value at z = 0,

0
—¢=—977, z=0

ot

(16)
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Problem recap

To solve:
0% 0%
0x2 = 022
with boundary conditions:
9¢
—=0,2=-H
0z &
00_on
0z Ot
99
= = 91, 2=0

(18)
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Solution

¢ _ f(z)ei(kx—wt)
82 8%

@—l—@:()givesus

2 f

2
—Kf+ 25 =0

f = Clekz aF Cge_kz

(22)

(23)
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Solution

9¢

At, z = —H,
= 0z

Ov

C’le_kH — OQ@kH =0 (24)
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Solution

¢
At, z = —H,
= 0z =0
Cre ™ _ CyefH = (24)
Also, at z = 0, 8gz5 —77 If a is the amplitude of 7,
0z ot

n= ael(kz—wt) (25)

which gives us
]{?(Ol — 02) = —iaw (26)
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Solution

¢
At, z = —H, =0,
= 0z
C i OQ@kH =0
0
Also, at z = 0, ¢ —77 If a is the amplitude of 7,
0z ot
n= ael(kz—wt)

which gives us
k(Cy — Cy) = —iaw

Solving for C'; and C} gives us:

(24)

(25)

)

(27)
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Solution

g @ < g g

e e
g k(z+H) —k(z+H)
_ w4 28)
L Y —
iaw cosh(k(z + H))

k  sinh(kH)
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Solution
Thus,

iaw cosh(k(z + H)) ()
k  sinh(kH) ¢

be (29)
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Solution

Thus,
iaw cosh(k(2 + H)) ;—wt)
_ i(kz—w )
= T sh(kH) (29)
Taking real part,
h(k H
= W ooshkz+ H)) o r oty (30)

k  sinh(kH)
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Solution

Thus,

_ iawcosh(k(z + H)) ()
¢ = 'k sinh(kH) ¢ 29)

Taking real part,

_ awcosh(k(z + H))

¢ = k  sinh(kH) el =) 0

which gives,

_0¢  cosh(k(z+ H))
Ue =5, = W sinh(kH)
d¢  sinh(k(z + H))

YT 9, T T Gnn(kH)

cos(kx — wt)

(31)
sin(kz — wt)
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Dispersion relation

Using % =—gnatz=0

w = +/gktanh(kH) (32)
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Particle trajectories

dr  cosh(k(z + H))
8t - e T Slnh(kH) COS(kxO Wt) (33)
0z sinh(k(z + H))

i U, = aw sinh(KH) sin(kxg — wt)
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Particle trajectories

dr  cosh(k(z + H))
E - e T Slnh(kH) COS(kxO Wt) (33)
9z _ u, = awsinh(k(zo +H)) sin(kxg — wt)
ot sinh(kH) 0
Integrating,
— —aCOSh,(k(ZO +H)) sin(kzg — wt)
sinh(kH) (34)
sinh(k(z0 + H))

Snh(kH) cos(kxg — wt)
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Particle trajectories

x? 2

(acosh(k(z + H))/ sinh(kH)] [asinh(k(z + H))/ sinh(kH)] -
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Particle trajectories

x? 22
_.I_ =
[acosh(k(z + H))/sinh(kH)]>  [asinh(k(z + H))/ sinh(kH)]®
35
o (35)
which is the equation for an ellipse: — + — = 1.

A2 B?
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Particle trajectories

h(k H
- Semi-major axis A = a2 sfné?ok;) )
inh (% H
« Semi-minor axis B = asm an}(j(;{:;) )
a
- Di foci=+vVA2 -—B2= — — = t
Distance between foci Snh(kH) constan

+ Phase = kxy — wt = same for all particles at same xz,
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Particle trajectories

Movie ...
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Streamlines

o _ o _
0z 77 oxr
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Streamlines

ou_ . ov
0z 77 Ox

_awsinh(k(z + H))
~ k sinh(kH)

cos(kx — wt) (37)
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Streamlines

Movie ...
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Phase speed

w = +/gktanh(kH) (38)

w  +/gktanhkH \/g
N k VEk

P tanh kH (39)
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Deep water approximation
kH >>1, H > 0.28)

20

cosh(k(z0 + H))
sinh(kH)
sinh(k(20 + H)) _ 4

sinh(kH) ‘
tanhkH ~ 1

A = B, particles go in circles.

A=

20

B=a

(40)

(41)

(42)
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Shallow water approximation

kH << 1, H < 0.07A (43)
4 cosh(k(z0 + H))  a
_ sinh(kH) ~ kH
sinh(k(zo + H)) 2 (44)
B = ~all+—
Sh(RE) (1+ %)

tanh kH ~ kH

A =constant, particles go in ellipses, with same semi-major axis.
Semi-minor axes gets smaller.

w=+/gk*’H

c:%:\/gH

C)
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[[lustration
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Two interacting waves

n = acos(kix — wit) + acos(kex — wat) (46)
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Trig 101

cos(A + B) = cos Acos B — sin Asin B
cos(A — B) = cos Acos B + sin Asin B

Adding the two

2cos Acos B = cos(A + B) + cos(A — B) (48)
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Trig 101

cos(A + B) = cos Acos B — sin Asin B
cos(A — B) = cos Acos B + sin Asin B

Adding the two
2cos Acos B = cos(A + B) + cos(A — B)

b —b
ReplaceA—)%, B—>a2

) a—>b
2 cos 5 CoS 5 = cosa + cosb

(47)

(48)

35/41



Two interacting waves

n = acos(kix — wit) + acos(kyr — wot) G)
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Two interacting waves

n = acos(kix — wit) + acos(kyr — wot)

Ak JAN
n = 2a cos (—x - —wt) cos (kx — wt)
2 2
where,
Ak’ = ]{71 — ]{72

Aw = w1 — woy

1
k= §(k1 + ko)

1
w = 5(0.]1 + LUQ)

(52)
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Two interacting waves

n = 2a cos (%x — %t) cos (kz — wt) (53)
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Two interacting waves

AV Aw ,
n = 2acos | —x — —t |cos (kx — wt) (54)
) 2
Am[;irtude
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Group velocity

JAN JAN
n = 2a cos (Tkx - th) cos (kx — wt) (55)
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Group velocity

JAN JAN
n = 2a cos (Tkx - th) cos (kx — wt) (55)

JAN®Y)

Velocity of amplitude modulation: ¢, = Ak
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Group velocity

JAN JAN
n = 2a cos (Tkx - th) cos (kx — wt) (55)
JAN
Velocity of amplitude modulation: ¢, = A_Cl:

For a continuous distribution, w(k),
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Group velocity

AV JAN
n=2acos | —x — 29 cos (kz — wt)
2 2
JAN
Velocity of amplitude modulation: ¢, = A_Cl:

For a continuous distribution, w(k),

Cg:—

dk

(56)

40 /41



Surface gravity waves

w(k) = +/gk tanh(kH) (57)

Cg=—+ =

€ (14 2 (58)
dk 2 sinh(2kH)
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